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ABSTRACT. The classical study of a flow near a fixed point is general-
ized by composing, at each point in the manifold, the flow derivative with a
parallel translation back along the flow. Circumstances under which these com-
positions form a one-parameter group are studied. From the point of view of the
linear frame bundle, the condition is that the canonical lift commute with its
horizontal part (with respect to some metric connection). The connection form
applied to the lift coincides with the infinitesimal generator of the one-parameter
group. Analysis of this matrix provides dynamical information about the flow.
For example, if such flows are equicontinuous, they have uniformly bounded
derivatives and therefore the enveloping semigroup is a Lie transformation group.
Subclasses of ergodic, minimal, and weakly mixing flows with integral invariants
are determined according to the eigenvalues of the matrices. Such examples as
Lie algebra flows, infinitesimal affine transformations, and the geodesic flows
on manifolds of constant negative curvature are examined.

0. Introduction. This work grew out of an attempt to generalize the classical
consideration of a vector field on a manifold through analysis of the flow deriva-
tives. Classically, if {X,|¢ real] is the flowof X with fixed point p, then
{dX,(p)| ¢ real} forms a one-parameter group of transformations of T,(M). The
properties of the flow are determined near p by the infinitesimal generator of this
group.

If one drops the assumption that p is a fixed point, the problem of identifying
T, (M) with Ty o )(M) arises. One possibility is to provide M with a Riemannian
structure and to identify Ty o p)(M) and T (M) via parallel translation along the
flow. Unfortunately, the tesultmg set of transformatxons of T,(M) need not form
a group. Conditions under which these transformations form a group are investi-
gated.

The entire situation becomes clearer from the point of view of the linear
frame bundle, L(M). If X is the natural lift of X to L(M) and @ is a metric
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connectlon form on L(M), then the various notions studied are related to the map
u — o(X(@)): L(M) — gl(n). For instance, the set of transformations forms a
one-parameter group if and only if this map is constant on orbxts of X It seems
natural to investigate the situation when the map u — o(X(@)) is of constant

canonical form. This paper is devoted to the class of complete vector fields
determined by these two properties. If @ is the connection form, such vector
fields will be called w-linear.

If X is w-linear, the linear frame bundle can be reduced to a bundle on which
the map u — a)(;('(u)) is a constant function. This reduction induces a splitting
of the tangent bundles into three subbundles, an expanding, a contracting, and a
third field, which separate vectors according to their behavior under the flow
{dX |t reall. Much of the dynamics of the flow {X | ¢ real} is shown to depend
upon the nature of this splitting.

Among the results obtained are the following. If X is w-linear and equicon-
tinuous on a compact manifold, the derivative flow is uniformly bounded. This
fact implies that the enveloping semigroup is a Lie group and acts as a Lie trans-
formation group on the manifold. It is shown that the ergodic and weak mixing
properties of some geodesic flows follow from this approach. The minimality of
certain nilflows can also be shown by use of w-linear vector fields.

In $1 we set up the notation and review some facts to be used.

. Ina§2 we investigate the conditions under which the set of transformations,
HX, - X,: Tx(M) - Tx(M), forms a group. We then define w-linearity and develop
the induced reduction of the frame bundles and the induced splitting of the tan-
gent bundle. It should’be noted that the splitting does not require this reduction
of L(M), but is facilitated by it.

In §3, w-linearity is combined with various other hypotheses to get results
involving the notions of asymptoticity, regional proximality, equicontinuity,
ergodicity, minimality, and weak mixing.

In $4 these results are applied to such examples as systems of differential
equations on R”, Lie algebra flows on Lie groups, the three dimensional nil-
flow, and the geodesic flows.

Finally, I would like to thank Professor R. Ellis for many stimulating con-

versations concerning this work.

1. Notation and preliminaries. I will use [3] as a general reference for the
dynamics and (81 for the bundle theory and geometry. L(M), o(M), T(M) and
UT(M) will denote the bundles of linear frames, orthonormal frames, tangent
vectors, and unit tangent vectors respectively, and Il , I, Il and Iy, will
denote the corresponding projections to M. T(M) will be viewed as the bundle
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associated with L(M) with standard fibre R”. Thus a'typical element of T(M)
will be written u - {,.where ‘%"’ is formal matrix multiplication, z € L(M) is
viewed as a 1 x 7 matrix of tangent vectors, and { € R” is viewed as the nx 1
matrix of real coefficients. The identity (u.g) - (g~ - {)=u . { for all g in
Gl(n) is clear.

We will assume throughout that M is an n-dimensional connected C® Rie-
mannian manifold, that all maps are differentiable of class =, and that all con-

nections are metric connections unless specified otherwise. Connections will be
specified by their connection form. We will use X(U) for the set of differentiable

vector fields on U, {XM) for the complete vector fields on M, and (M, X) for the
transformation group generated by X € (XM). The distance function will be de-
noted by & , ), the norm in T(M) by || ||, and the norm of a map by || ||. If y
is a curve in M, the tangent vector at ){s) will be denoted (af1)/d) __ or Hs).
The space derivative will be denoted by d.

A curve y is an integral curve of X € X(U) if and only if X((2)) = }'/(tt) for
each ¢ in the domain of y. In this case, if {0) = x, we use the notation Y1) =
X ().

The group of nonsingular real n x » matrices, GAn), has Lie algebra gl (n),
the algebra of all real n x n matrices. We will view Tg(Gl(n)) as the set {B | B
€ gkn)} when viewing gl(n) as a set of real matrices and as {B(g) | B € glln}}
when viewing gln) as the left invariant vector fields. The relationship between
the two interpretations is given by

B(g) = (@/di)g - €B9),_o = (gB),.

JFor X € X(m), a lzft of X to L(M) is a vector field X € X(L(M) such that
R .X X and di, (2 X(u) = X(I, () for each u € L(M). . Aay lift X of X in-
duces an associated lift X € AT(M) given by X (u:l)= X () + & Clearly
each X T (M) Tx x(M) is linear and X(u) (X(u- e ), coe, X(u‘ e »

Thxoughout Xe O(L(M)) will denote the natural lift of X e (M) given by

X‘t(y,l" MR ] Y:) = (dxt(x) . Yia A ] dxt(x) . Y:).

Ckarly the horizontal part, H')\(', of X is also a lift of X, and the vertical part,
VX, is a lift of t}]e zero vector field. The associated lift HX is horizontal and
the flow maps HX, effect parallel translation along X,.

A normal sphere, N x» @t x in a manifold with a connection, w, is a sphere
about x in which any two points are joined by a unique geodesic in N, whose
arc length measures distance.

2. w-linearity.

Basic Lemma. Let X € OM) and let o be a metric connection such that
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oX() = A for some u € L(M), then Y)A( satisfies V;(t(" e =u. et L when-
ever the expression is defined. If [X, HX] = 0, then

IR (e Ol = flu + A% £

Proof. Let y: R — L(M) be given by (1) = u- £, then 1) =
(d/ds)(u - &2 s) = A*(u « e%). By definition, VX(u) A*(u) and VX(u et =
dR o4 - VX(u) =dR_, (1) « AX(s) = A*(u . e?). We have A0 = VX(AD) for
all’t so that A = V'X;(u) u+ et Thus

VR ) =VX (@) L=u. et g,

completing the proof of the first statement.
Since VX=—HX+X if [X, HX] = O then VX HX _¢* X, and HX_, .
X(u ed=u.et. ¢ Since o is a metric connecnon,

ER_Jl=1 and R« =HR_, - Rfa- Ol = lu- A -]
for each u € L(M), £ €R”, and ¢ €R.

2.0. Lemma. Let Y GC’(L(M)) be any lift of X eC(M) and let © be a con-
nection on L(M), then [Y, VXl = 0 if and only if wX(Y () = wX(a), for all
u €L(M) and t €R.

Proof. Since Y is a lifted vector field, dY (u) A¥(u) = AX(Y (u)) for each
A €gl(n). We have [Y, VXl = 0 if and only if VX(Y (@) = dY (a) - VX(2) for
all teRand u € L(M) Since dY (u) VX(u) dY(u) (mX(u))*(u) =
(mX(u))*(Y (u)), [y, vxl=o0 if and only if wX(Y (u)) (oVX(Y L) = wX(u)

2.1. Proposition. Let w be a linear connection. The following statements
are pairwise equivalent.

(1) The vector field [X HX = 0.

(2) The vector /zeld [X, HX] =

(3) The function wX L(M) — gl(n) is constant on orbits of X

(4) The function wX is constant on orbits of HX.

(5) Foreach t €R, the function (X‘,..): AM) — UM commutes with the
function Vy: X(M) — X m).

The equlvalence of (1) and (2) is unmedmte from the defmmon of X

Since 0= X X = [X HX) + [X, VX), we have [X, HX] = 0 if and only if
[X VX] 0. Settmg Y= X m 2.0, we see that (1) is equivalent to (3). Also since
[X VX] [HX VX] + [HX HX], [X HX] =0 if and only if [HX VX] =0. Setting
Y= HX in 2.0, we see that (1) is equivalent to (4).

The equivalence of (2) and (5) follows immediately from the characterization
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(V5 Ve) = lim 7 (R (YK ) - ¥,
and the fact that [')\(', H% e 0 if and only if )?s . 'Hf(t = H)?t . ')?s forall ¢t and s
in R.

2.2. Definition. A vector field X in O(M) vull be called w-linear if there is
a metric connection @ such that the function wX: L(M) — gl(n is constant on
orbits of X and of constant canonical form on all of L(M).

2.3. Theorem. Let X be w-linear. For each u, € L(M), R(M) = lu e (M|
coX(u) wX(uo)} is a reduction of L(M) with group @(mX(uo)) {g € Gln)|
gcoX(u g~ 1= coX(uo)l.

Proof. Let a)X(uo) =-A, Foreach u €eR(M), i+ g € R(M) if and only if g €
AA), since o.)X(ug) g~ loX(u)g = g~1Ag. Thus each fibre intersects R(M) in
exactly one orbit of ((A). It remains to be shown that there are local cross sec-
tions of L(M) which map into R(M).

Let f: Gl(n) — gl(n) be the map f(g) = gAg=1. For each g € Gl(n), we ex-
press T (Gl(n) as {B(g) |B € gl(n)}; then

df(g) + Blg) = (d/diXf(g - €BM), o = (d/di)g - Bt - A . eBE. g™1)
=(d/di)g - €. A), o+ (7Bt g™, ,
+(g. Bt A), o« (d/diNemBt . g), o
= gBAg~! - gABg~! = g(BA - AB)g"1.

Clearly df(g) + B(g) = 0 if and only if [B, Al = BA - AB =0 and dim(ker(df(g))) =
dim(ker[., A]). Thus df is of constant rank k, and by the rank theorem on mani-
folds there are coordinate patches (W, ¢) about I in gl(n) and (V, ¢) about A in
gl(n) such that

vef. ¢'l(x1, cee, x”2)= (xl, ooy Xy, 0,..:)
on all of $(W).

Let x €M and let 0: U — L(M) be a local cross section about x such that
wX(o(x)) = A. For each y € U, denote ¢~! . ¢ . wX . oly) by g, and define a
local cross secuoflp about x by ply) = O(y) 8- Smce [+~ ¢'|Im(l) is
the identity, g Ag>' = [(g )=~ g 0X - oly)) = (oXO(y) so that

A=g loX(o GVg, = m?\’(a(y)gy) = wX(p(y)).

Thus p is a cross section about x into R(M) and the result follows.

2.4. Corollary. If X is a)olmear and if X, («y))|¢ reall = M for some
u) € L(M), S(M) = {u € O(M)| wX(a) = wX(uo)l is a reduction of O(M) with group
ClwX(uy)) N Oln).
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Proof. We show that each fibre meets S(M) in exactly one (C(4) N O(»))-
orbit and that there exist local cross sections into S(M). Let (o’)\(‘(uo) =A and
suppose there is x € M such that [I5!(x) N S(M) = &, then choose a compact
neighbothood U of x and a sequence {z, }}> of real numbers such that X t,,(y) —
x as m— + o with X n(y) €U for each n. The sequence {u } with u,

HX ,(2,) in the compact set g 1(U) has a convergent subsequence u, — u €
H’l(x) But then wX(z) = lim coX(u )=A. This is a contradiction andz thus each
fibre meets S(M). The rest of the prc;of is exactly the same as the proof of the
theorem.

The corollary provides a means of reducing the group of the bundle to a finite
group if the matrix A is sufficiently nontrivial. If, for instance, M is simply
connected and such a vector field X exists on M, the group is reduced to the
identity. We know, therefore, that no point-transitive vector field of this type can
exist on an odd-dimensional sphere.

Let A € gl(n) and let P(x) be the minimal polynomial of A. Let P*(x),
9-(x), and P°(x) be polynomial factors of P(x) corresponding to the eigenvalues
with positive, negative, and zero real parts respectively and let P (x) be the
product of all unique factors in P%(x). Finally, let vY v=, V0 and V! be the
null spaces of the respective polynomials. Thus R” = viev-e v® and vi<
V0. We note that each V¢ is C(A)-invariant since for £ € V() and g € C(4),
P )(A)ggsg?( )(A)Cag 0= 0 Thus g¢ eV() and gV( )y,

Let X be w-linear with a)X(uo)s A and let R(M) be the corresponding re-
duction of L(M). Define distributions T* 7=, T® and T! on M by T Nx)=u +
VO =iy . LI € VO for some u €1l 1(::) If v el]'l(x) also, then v = ug for
some g in @A) and v+ VO = ug . V{2 4. gVl )=u~ vO) since VO? is C(A)-
invariant. Thus T is well defined.

2.5. Theorem. Let X be w-linear.
(1) Foreach x in M, T (M)= Tx) ® T~ (x) ® Tx).
2) T* is expanding in tbe sense that, for each u - ¢ in T*x), lIX . Q)

—+o0as t —+o0 and ||X |T+(x Il = 0 uniformly on M as t— — o,
(3) T~ is contracting in the sense that, for u + { in T~(x), ||X @ Q|-
4+ 00 as t — —oe and |||X| — M —0 uniformly on M as t— + os

4) |||X‘|Tl(x)||| is uniformly bounded for all t € R and x € M.

Proof. The first statement follows immediately from the fact that R” = vt
ov- e Vo

Let u- ¢ € TY(M) with u € O(M); then ||z - ¢ = 42)1/2 IiZll and
1%, G« Ol = VR G - O =lluet - Ll = lu - A% = ||eA‘C|l Let A be in ra-

tional canonical form
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A, 0
A_ 8
0 4,
where A, = A| . A_= AI and A, = Alvo. Let K be a complex matrix such
that ‘K~14 K 1s in Jordan form
Xl 1. 0
L] . .1
0 'Al
)\q l' 0
. .l
0 * Ag

K=1A 4K K-l Ayt

then e K has the form

S
12 eeet l/sl!

At -
el .
)
0 1
£
Lteso t Ysy
At . .
el . e
.t
0 .

Since Re ()q) s+++sRe(d ) are all positive numbers, the modulus of each entry
of K~lef*k tends exponentxally to zero as ¢ — —~ o0 and tends to + e as ¢ —
+ co. Therefore each entry of the real matrix e tends to zero as ¢ — — oo and
tends to + o0 as ¢ — + oo, Thus “IeA”I“—b 0 as { — — oo and ||eA“§|| — + 00
as t — + oo foreach ¢ ev* Thus ||X @) = ||eA”-€||—> +00 as £ — + o0

for each ¢ e VY. Since ||X (@« O/ Nl - &l = 1AW/ 1N
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~ At
X = [|eAt = + 0
DR o = e 0= 1™

independent of x €M as t — + oo. This completes the proof of (2). The proof
of (3) is exactly analogous.
Finally, the map A, = A|Vl has canonical form

and
cos (by1) /by sin (by¢)
(— llbl sin(by1)  cos (bl‘)>

‘cos bql l/bq sin (bql) \
eA 1 t =] ( .
- l/bq sin (bqt) cos (bqt)

1

.
.

1.

Each entry is uniformly bounded above by the number sup,_, v, {lb I 11/8,], 11
Thus [|e#1!|| is uniformly bounded for all t €R. Since |X, lu C)ll/ flu- ¢ ||
IIeAtC“/ <1l |||X | ||| is equal to |||e Yl for every x € M and therefore

i A elr1ge )||| is umformly bounded for all ¢ in R and x € M.

3. Dynamical results. Before proceeding with the dynamical results, we re-
view the definitions of the notions involved.

3.1. Definitions. Let (M, X) be a transformation group and let x, y be points
of M.
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(1) The point x is asymptotic to y if to each €> 0 there corresponds an
N> 0 such that 8(X,(x), X,(y)) <€ forall >N (positively asymptotic) or
8(X,(x), X (y)) < € for all £<~ N (negatively asymptotic).

(2) The point x is proximal to y if to each €> 0 there corresponds a ¢ in
R such that 3(X,(x), X,(y)) < e.

(3) The point x is regionally proximal to y if, to each €> 0 and each pair
of neighborhoods U of x and V of y, there correspond points a in U, b in V
and ¢ in R such that 8(X,(a), X,(b)) < €. The set of regionally proximal pairs
will be denoted by Q(M, X). The smallest closed X-invariant equivalence rela-
tion containing Q(M, X) is called the equicontinuous structure relation and is de-
noted S(M, X).

(4) (M, X) is distal if the only pairs of proximal points are those on the di-
agonal A = {(x, x)|x € M}.

(5) An extensive set of real numbers is a bisequence {tn}: such that

oe
lim , ¢t =+ceand lim ¢t =-os .
(6) A point x is recurrent if there is an extensive set {t"l such that
lim, | o0 X, (¥)=x and lim,  _ X MOEES

(7) (M, X) is equicontinuous if to each € > 0 there is an 17> 0 such that
8(X,(x), X,(y)) <€ forall ¢t in R and all x, y in M such that 8(x, y)< 7

(8) (M, X) is topologically ergodic if there are no proper X-invariant subsets
C=CO of M. (This is clearly equivalent to the definition given in [7].)

(9) (M, X) is topologically weakly mixing if the diagonal flow (M x M, X) is
ergodic.

(10) (M, X) is minimal if there are no proper closed X-invariant subsets of M.

(11) The enveloping semigroup of (M, X), denoted E(M, X), is the closure of
the flow {X,|¢ real} in M with respect to the topology of pointwise convergence.
The semigroup operation is composi't\i‘on of functions.

(12) Let X be w-linear with wX(u() = A and let 0: U— Iz1(U) be a local
cross section into the corresponding reduced bundle of frames, R(M). We will
call Y in X(U) a special zero vector field on U if there is a block in A of the
form

0 1. 0
0. ll
0 0

whose first row is coincident with row & of A, and Y(y)= ofy) . e, forall y in
U. The definition says that e, is a zero eigenvector of A with multiplicity or
that e, €eker A NIm A.

The corresponding vector fields for the pure imaginary case will be called
special imaginary vector fields. That is Y in X(U) will be called special imag-
inary on U if there is a block in A of the form
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0 1 0 0 0
-2 0 1 0
0 1 0 o
-b2 1 0

70 1
o <—bz 0
whose first row is coincident with row &k of A and Y(y)= oly) - e, forall y in U.
(13) A vector field Y in X(U) will be called a T*-vector field, T~ -vector
field or TOvector field if Y(y) € TXy), Y(y) € T=(y) or Y(y) € T%) (y €U)
respectively.

(14) A map f: M, X) = (N, Y) is called a homomorphism if [(X,(x))= Y (f(x))
for each x in M and ¢ in R.

3.2. Lemma. If Y is special zero or special imaginary, then (x, Y (x)) €
Q(M, X) forall x €M and s € R such that Y (x) is defined.

Proof. If Y € X(U) is a special zero vector field, define Y* € X(U) by Y*(y)

= olyXe, +ae, ;). Let B=supy .y ... ,lll00) - ¢;l} and let x €M and s €R
be chosen such that Ys(x) is defined. Given €¢> 0 and an open set V containing

Y (x), pick a between zero and ¢/Bs such that Y%(x) € V. This is possible.
since Y* > Y%=Y as a — 0. We have

||)?'Y“(y)l| = ||‘)?t((y) ey + ae,
= lloty) - et¥e, + ae, )]
= [lo(y) - (1 + at)e, + aek+l)||

for each y in U, since

01 0 1 teeetyq
exp .." t = .'.' : .
.1 L
0 0 A

o 1

Thus ||R_1/G(Ya(y))l| = |loly) - ae, . | = alloly) - ek+l“ < aB. The curve r —
X_174{Y2(x)) runs from X_; ,,(x) at r=10 to X_1/4{Y2x)) at r= s with length
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[ Nazdr(x_y s dr = [T 1Ry YY) dr
=f;aB dr=aBs<e.

This implies 8(X_, ,,()s X_; ,,(Y5(x))) <¢ So, given ¢> 0 and neighborhoods
V of Y (x) and W of x there are points Y4(x)in V, x in W and - 1/2 in R
such that 8(X_, ,, (), X_; ,,(Y2(x)) < e. Thus (x, ¥ (x)) € 0(M, X).

If Y is special imaginary, define Y% in X(U) by Y%(y)=o(y)- (e, + aehs)
forall y in U. Let x €M and s € R such that Ys(x) is defined. Given €> 0

and V containing Y _(x), pick an integer m such that a = b3/mm is between 0
and ¢/Bs and such that Y%(x) € V. We have

IR YD = o) - Al + aey )]
= |lo(y) - Ucos b1 - at/2b?) + a/2b3 sin bt)eh
+ ((at/2b - b) sin bt)e,

+ (a/b sin bie, ,, + (a cos bt)e“;]"
since

()l

exp . t
/0 1
(—b2 0
cos bt 1/bsin bt t/2b sin bt 1/2b(sin bt - bt cos bt)
~b sin bt cos bt 1/2b(sin bt + bt cos bt) t/2b(sin bt)
- 0 0 cos bt 1/b sin bt
0 ' 0 - b sin bt cos bt

Thus “52217m/b (Y| = |loly) - ae,, 4|l = alloy) - e, 5|l S aB. As above we have
X 210m 150 X 2m 1Y XM S [ 1Ry 15 (Y Y FCD
= I‘; aBdr=aBs <e¢

and thus (x, Y (x)) € (M, X).
In proving 3.2 we established the following corollary which will be useful
later. '
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3.3, Corollary. Let Y € X(U) be a special zero vector field and let s € R
and x € M such that Y (x) is defined. There exist nearby vector fields, {Y* € X(U)|

0<ag 1, such that lim,_, Ye(x) = Y (x) and lim,_ o 8(X_,, (=), X_; , (Y2(=))
=0, )

3.4. Lemma. If Y €X(U) is a T*-vector field, then x and Y (x) are nega-
tively asymptotic whenever defined. If Y is T~, x and Y (x) are positively
asymptotic.

Proof. The distance 8(X,(x), X,(Y (x))) is less than or equal to the arc
length 3 ||@/dr(x (Y GMldr = [ ||$(t « Y(Y,(x))| dr of the curve r — x (v (=)
Y is T I, - Y(r, ()| = 0 as £ —— oo Thus 8(X,(x), XY ()) = 0 as
t——oe IfYis T, |X,- Y(Yr(x»“ — 0 as t —+ oo, Thus S(X‘(x), X‘(Ys(x)))
=0 as t— + oo,

L 35 Theorem. Let M be compact and let uy € LM). If X is w-linear and
- X(uy) = A, the following are equivalent.

(1) The matrix A is diagonalizable over the complex numbers with only zero
and pure imaginary eigenvalues.

(2) (M, X) has uniformly bounded derivatives.

(3) (M, X) is equicontinuous.

Proof. If A=A is complex diagonalizable, then the minimal polynomial
consists of unique irreducible factors. Thus V! = R" and THx) = Tx(M) for all
x in M. By (3) of Theorem 2.5, “l;(tLrl Il = |||.;(t||| <B forall ¢ in R and x in
M, so (1) implies (2). bl

For each x in M, let N(x, rx) be a normal sphere of radius 7, about x and
let S_ be a sphere of radius rx/ 2 about x. Since M is compact, there is a finite
cover !S‘ili =1,+.c,m} of M. Let R=inf,_, . 'x,-,/z' Given €> 0 choose
7 the smaller of ¢/B and R, then if (x, y) <7 and x ele,, x and y are in
N(x, 'x,-)‘ Let y be the unique geodesic in Nlx,, 'x,-) with y(0) = x and y{s)=
y, then

8(X (%), X, (y)) < I; \d/ar (X (yle M) dr = f ; 1% G (Nl ar < f'; B||y(r)| @r
< Bd(x, y) < Bp=e

Thus (2) implies (3).

If A has eigenvalues with nonzero real parts, T* or T~ must be nontrivial.
Thus there is a pair of asymptotic points. Asymptotic points are regionally proxi-
mal and thus (M, X) is not equicontinuous by a similar argument to that found in

(3, p. 25).
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If A has only zero or pure imaginary eigenvalues, but A is not complex
diagonalizable, from 3.2 we see that there are regionally proximal points. Again
(M, X) is not equicontinuous. Thus (3) implies (1) and the result is established.

We note that the only use of compactness was in establishing the existence
of a number R such that if 8(x, y) < R, then there is a geodesic (minimizing)
connecting x and y whose arc length is 8(x, y). If M is noncompact and has
this property, the theorem holds on M. The manifold R* is an example.

With this characterization of equicontinuity it is possible to prove that the
enveloping semigroup acts as a Lie transformation group on M.

3.6. Theorem. If X is w-linear on a compact manifold M such that (M, X)
is equicontinuous, then (M, EM, X)) is a Lie transformation group.

Proof. It is shown in [3, pp. 25, 26], that E(M, X) forms a compact topolog-
ical transformation group of homeomorphisms of M whenever (M, X) is equicon-
tinuous. It is shown in [10, Chapter 5] that such a transformation group forms a
Lie transformation group if each transformation is a differentiable map.

Let f € E(M, X) and let x € M. Choose compact coordinate charts (U, ¢)
and (V, ) at x and f(x) respectively such that f{U)C V, and choose € to be
any small positive number such that V, = {x € V|8(x, V') > € is a nonempty open
set containing f(x).

Let {xu}:-l be a sequence such that X”G —f and X, (x) e V, for each k.
Since {X, |¢ real} is equicontinuous there is an 7> 0 such that 8(X,(x), X,(y))
<e whenever 8(x, y)<7. Thus, if y € S(x, 1) ={z € M|3(z, x) < n}, then X, (y)
€ S(X, k(x), €)C V. Choose an interval [~ @, al = I such that I” C ¢(S(x, 1)), then
YeX, - é~! maps I" into Y(V) for each k. Since T(U) is a metric space,
since ?f(‘k}::l is an equicontinuous sequence and since {;(tk(u eQkal,cee, e
is precompact for each u - { € T(M), it follows by the Ascoli theorem that there
is a subsequence U?,k } and a continuous function g: T(U) — T(V) such that
R'k; — g uniformly on ¢~ ("),

Define §,: 1 — (V) by Sl(r) =yo X"‘l 0~ lw+ rei), where v is some fixed
vector in I". Then S,(r) = d(S,())/dr = @/dr) o Xeg, © ¢+ re)) -
dy o X‘kl o d¢'l(8/axi(v +re;)) and S; converges uniformly to dif © g ©
do=N o/ c?xi(v +re)). Since §(0) also converges to yofo ¢~ 1),

lim d/dAS (), _y = d/dr(lim S ,(r))
1—o0 r=0

1 ~00

or
dp ©gdp™1(8/0x (o)) = d/dr o[ 06~ N + re)), o =3 of 06~ 1)/x (o).

Thus the partial derivatives of ¥/ ©f©¢ exist and are continuous since g is con-
tinuous. The result now follows.
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3.7. Lemma. Let X be w-linear and let 0: U — R(M) be a cross section
about x € M. For each { € R™, we define Y* € X(U) by Y¥) = oly)+ ¢ for
y€U. Themap f: R®=v*® V- @V - M given by

' + - 0
1 O =y ot oyt
is a diffeomorphism of a neighborbood of the origin onto a neighborhood of x.

3.8. Lemma. Let X be w-linear and let C be a closed X-invariant subset of
M. If xis arecurrent point in C' and Y € X(U) isa T* or T~ vector field, then
Ys(x) € C' whenever defined.

Proof. Let Y be T* and let {z,} be an extensive set such that lim____, X, (%)
=x By 3.4, lim ___ 8(x, (x), X, (Y (x)) = 0 so that lim X, (Y &) = lim X, (x)
=x €C'. Since C' is an open X-mvanant set, Xy, (Y (x) e C for some n, and
thus Y (x) e C'.

In the next theorem we consider conditions under which a flow is ergodic.
The corollary that follows generalizes the hypothesis so as to apply to the geodesic
flow on a compact manifold of constant negative curvature. This example is ex-

amined in the last section.

3.9. Theorem. Let X be w-linear such that T%(x) is generated by X(x) for
each x in M. If (M, X) is recurrent on a dense set of points, (M, X) is ergodic.

Suppose, to the contrary, that there is a proper X-invariant subset C=0C0 of
M. Choose p on the boundary of C. By 3.7, points of the form Y °oyYye° Yo(p)
cover a neighborhood U of p where Y, Y~ and Y0 are TY, T~ and TO respec-
tively. Since T? is one dimensional the X orbits are maximal integral manifolds
of T and thus Y{(p) is in C for each T vector field, Y°.

Suppose there is a point ¥ = Y] © Y2(p) €C'. Since p and Y9(p) are on the
boundary of C% y = YT(Y(p)) € C' is on the boundary of Y7(C?) and thus
Y7(CHNC’' is a nonempty open set from which we can pick a recurrent point z.
Since Y_ (z) € CY this contradicts 3.8. Thus there are no points of the form Yy
° Yo(p) in C"

Let y= Yl oYy oY (p) be a recurrent point in C'. Since Yye Yo(p) eC,
this also contradicts 3.8. Thus, no such set C exists and (M, X) is ergodic.

3.10, Corollary. Let X be w-linear and let f: (M, X) — (M, Z) be a homo-
morphism. If df(x) « (TXx)) is generated by Z(f(x)) for each x in M and if (M;
X) is recurrent on a dense set, (N, Z) is ergodic.

Proof. Suppose to the contrary that C = C0 is a proper Z-invariant subset of
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N, then D= f~1(C) and DO are T™invariant subsets of M. Since (M, X) is re-
current on a dense set of points, this constitutes a contradiction just as in the
proof of the theorem.

3.11. Corollary. Let X be w-linear and let R be the set of recurrent points
of M. If U is an open X-invariant subset of R, then U is T* and T~ invariant.

There are similar results involving the stronger notion of minimality as shown
in the next theorem. The proof is the same except for obvious modifications.

3.12. Theorem. Let X be w-linear such that Tx) is generated by X(x) for
each x in M. If (M, X) is recurrent at each point of M, (M, X) is minimal.

Under suitable conditions on M if (M, X) is equicontinuous, then orbit clo-
sures are minimal (see [3]). Thus, one might expect the orbit closures of a densely
recurrent flow to be minimal whenever 7%= T1 regardless of the dimension. This
is indeed the case.

3.13. Lemma. If x and y are asymptotic points and y is recurrent, then the
distance from the orbit of x to any point z is less than or equal to the distance
from the orbit of y to z.

Proof. Given €> 0, choose #; € R such that S(X"(y), z) < 8(0rby (y), 2) +
€/3. Since X . (y) is recurrent, there is an extensive set fsnl such that, for each
n, 8(X sﬂ(x, l(y)), X, ()< ¢/3. Since x and y are asymptotic, there is an n,
such that 8(Xs, 0(X . l(x», Xs (x tl(y))) <e€/3. Thus

S”O

a(x (th(x)), z) <X

&, (), X, (X, 6
n, 1 n 1

(1]

+(x, (X ‘l(y»’ X ‘l(y)) + 8(X,l(y), 2)
"o
< 80rby y, 2) + e

Since € was arbitrary, 8(Orby x, z) < 8(Orby (y), 2).

3.14. Theorem. Let X be w-linear with T® = TY. If M, X) is recurrent at
each point, then (M, X) partitions into minimal sets.

Proof. Suppose there is an orbit closure, Orb, (z), that is not minimal; then
there are points x and y € Orby (z) such that 8(Orby (y), x) = @ > 0. Let B be
a constant such that |lx‘|Tl(p)" < B forall t€R and p €M. Pick Z = zF such

that 2 = Y: oYy ° Yg(y) with ||Y%(p)|| < a/2B for all p; then
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80X XY oM < 1 1% (r %y 2om) as
< f} BIY(Y o)l ds = Ba/2B = o/2

for each ¢ in R. Thus XOrby (YY), ) > a/2. By 3.12, 3(Orbx(Y 0 Y()), %)
> a/2 and &Orby (Y oyyo° Yo(y)) x)> a/2. Since 7 = Y °Yr ey (y)=zt ’
Orb, () = Orb (z) and thus &0rby (2), x) = A Orb,(2), x) = 0 Thxs forms a
contradiction and the result follows,

The invariance property of T* and T~ vector fields discussed in 3.11 holds
equally well for the special zero vector fields.

3.15. Theorem. Let X be w-linear and let C = C° be X-invariant. If (M, X)

is recurrent on a dense set of points and Y is a special zero vector field, then
C is Y-invariant.

Proof. Suppose that Y is special zero and x € C but z=Y (x) C". Let B=
ly e M|3(y, z) <8(z, C)} and let {2 } be an extensive set such that X, (z) ¢ B
for all n. By 3.3, there exist vector fields Y4 near Y such that ”

lim Y2 () =Y_ (2) ec’ and lim 81X —17a2 X_y Y2 (=0,

a—0 a—0
Pick A > 0 such that, for 0< a<A, Y‘:s(z) € C° and such that
X _y ,g=) X _ 1aY2 @ < %Ko, ol
Pick ¢ such that 0< - 1/¢ <A, then 8lx, (), X, (y'” ‘n(z)); < Y18(x, O

-1/
Then X, {Y ““(2)} € C'. This is contradxctory since Y "(z) ec’.

3.16. Theorem. Let X be w-linear with M compact and let A -+- A, be
a basis for the Lie algebra of a compact Lie group H. If (H, M, X) is a bitrans-
formation group which factors to a minimal transformation group on M/H and if
A« AL are special zero vector fields, then (M, H) is minimal.

Proof. In [3, p. 46), it is shown that {Orby (bx)|h € H} is a partition of M

into minimal sets, that H_=1{b € H|bx € Orby (x)] is a closed Lie subgroup and
that 71 M — M/R is a continuous map onto a Hausdororff space (R is the orbit
closure relation). Suppose (M, X) is not minimal, then M/R is not a one point
space. We choose disjoint nonempty open sets U : and U, in M/R. The set C=
7~1(U) isthena proper X-invariant subset C = Cc% of M. By 3.15, C is A*-m-
variant for i=1,+-+,n. Each b € H can be expressed as a product of fmxtely

All

many factors of the form e Thus, C is invariant under H and H-invariant.

But then C = M which contradicts the assumption. The result follows.
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3.17. Theorem. Let X be w-linear and (M, X) be minimal on a compact
manifold, M. If X is a special zero vector field, (M, X) is weakly mixing.

Proof. In [7, p. 366), it is shown that a minimal flow on a compact space
is weakly mixing if and only if S(M, X)= M x M. Suppose there is an x € M and
t € R such that (x, xt) ¢ S. Without loss of generality assume ¢> 0. Let
tg= infle > 0|(x, xt) ¢ S(M, X)}. Clearly, ;> 0, by 3.2. Since X is special
zero in some neighborhood of xt, there is an €> 0 such that !x(to + tl)’
x(eg+ ¢, € OM, X) for — €<, t, <€ by 3.2. Choose t, suchthat - €<t <e
and £( + ¢, > 0; then {x(t, +¢,), x(t; + &/2)} is in Q(M, X) < S(M, X), by transi-
tivity of S(M, X). This is a contradiction and thus (x, xt) € S(M, X), for all x e M
and t €R. If y €M and y = lim__ , xt,, (x, y) = lim(x, xt) € S(M, X). Thus
S(M, X) =M x M.

If (M, X) is volume invariant, the minimality can be reduced to ergodicity.

3.18. Lemma. Let (M, X) be ergodic on a compact manifold, M. If S(M, X)
=MxM and (M, X) is volume invariant, (M, X) is weakly mixing.

Proof. It is shown in [7, Theorems 2.5 and 3.3] that if (M, X) is not weakly
mixing and there exists an invariant probability measure whose support is M and
such that each closed invariant set has measure zero or one, then there is a
homomorphism of (M, X) onto a nontrivial equicontinuous transformation group.
In [3, Theorem 4.18], it is shown that if S(M, X) = M x M, there are no nontrivial

equicontinuous homomorphic images of (M, X). Therefore the existence of a mea-
sure as described implies (M, X) is weakly mixing. The volume on M can be
normalized so that it is an invariant probability measure. It is clearly supported
by M. If C is a closed invariant set with C 04 & then the volume of C is zero.
I ¢ # &, since (M, X) is ergodic, C = M. The result follows.

3.19. Theorem. Let X be w-linear and let (M x M, X) be recurrent on a
dense set. If there exists a T* or T~ vector field Y € DM) and a point yEM
such that Orby, (y) = M, then (M, X) is weakly mixing.

Proof. Suppose that there is a proper X-invariant subset C = CO of Mx M.
Pick U and V open setsin M and x and y in M such that (x, y) eUx VC c?
and Orb,, (x) = Orb,, (y)= M. Pick real numbers 7 and s such that {Y'(x), Ys(y)l
€ C' and pick a recurrent point (p, ¢) from the nonempty open set {Y (U)x Y_(V)}
NC'. Let p,=Y_(p) and ¢, = Y__(q); then

81X (0, 9 X (py5 4,0} = VOIX (0), X (0,1 + 81X (g, X gV,
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which tends to zero as ¢ tends to — oo, Let {t } be an extensive set such that
lim X, (p, 7) = (9, 9); then lim X, (pl, ql)- lim th(p. q)=

172 =0 =00 11 =0 =00
(p, q) eC’. Thxs is a contradiction and the result follows.

172 =0 =00

4. Examples. We begin this section with a computational lemma.

4.1. Lemma. Let U be an open set in M and let X € OM). If there are n
borizontal vector fields, Y, +++ Y €X(M) with Y,(x);-++, Y, (x) linearly inde-
pendent for each %, then [Y] X](x) 370 a0 Y () if and only if
wX(Y (x) +0 Y, () = (a,(x)) for all x in M.

The proof is straightforward and will be omitted.

One can always find a connection with respect to which a given vector field is
w-linear. Let {U,: @ € U} be a coordinate cover of M such that X = 9/ dx; on
each U,. Identifying 77 1(U,) with U, x Gln) by (0/x,(y) +++ 9/x (y)) - g =
(5, g)» one defines ®, on T(U, x Gl(n)) by Z,, A ) L _,(g- A, for (Z,,
A, )in T (U)X T, (Gl(n)) Thus each d/0x; is honzontalgand ® X(x. D=0,
smce[a/ ax " 8/ axj =0. Let {/,: a €U bea partition of unity subordmate to
nil U, ) ae¥} and let = Ea“/ ®,. Thus, wX@)= S peals @0, X@) =0,
Since a)X is constantly zero on all of L(M), X is clearly w-linear. This connec-
tion may not be metric. Indeed, if it is metric, X is equicontinuous.

4.2. Lemma. Let @ be a flat connection on M and let {U : a € U} be a
cover of nengborboods such that 7 }(U,) = U, x Glln) and cu(Z A )=
g_‘(g) Ag=g~l-A Y wX(x, I) 4 for cach x € U, and cach @ €, then

X is m-linear.

Proof. ¥ X, g) = (X(x), B g). then mX(x g =g~ !B onany U, x Gl(n).
Since X(x. g)=g lAg, B=A.g and X(x, )= (x(x), (4g)). Lct Clx, g)=
(x o € g). then C, forms a one-patameter group of local transfonnanons and
the velocity vector comc1des with X at each point. Thus, X (x, g) (X (x), eA‘g)
for small t and X(X(x, g)) = XX, (), (Aettp) 4, ) Clearly, coX(X (x g)=
(eAtg)~ lA(emg)= "lAg. Thus X is constant on orbits of X and of constant

canonical form.

4.3. Example. Let X € D(R™) be the vector field corresponding to the sys-
tem of affine differential equations dx/dt=Ax+b on R*. If ® is the usual con-
nection on R®, then X is w-linear with the canonical form oX given by A.

Proof. If L(R™) is identified with R? x Gl(n) by the identification
(0/9x,(y)s «++5 8/9x,(y)g = (y, g)s then (Z,, A )= g~!+ A. The vector

field X is given by X(x) 2 G, Ayx+ by )a/ax (x). We have
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9 9 &9 " 9. & o (*:) o
[677’]=[97’27 a‘j.'] 27[3" ] Za:#(::r)‘sz

i j isl
A N AN -
£ ) Bk
smce dx; ./dt takes x to Sk 1 Ajp%e Thus [a/ax Xl= 2" 1 4 a/ax and
oX(x, D= A. By 4.2, X is w-linear.

The following is an example of an w-linear vector field on R” that corre-
sponds to a nonaffine system of differential equations. Thus, it is clear that w-
linear vector fields are not necessarily infinitesimal affine transformations.

4.4. Example. Let X € O(R?) correspond to the system dx,/dt = x 33+ x,
and dx,/dt = 0; then X(x)= (x3/3+x2)(3/3x (x)). Thus [3/3x1. X]= 0 and
[6/6::2, Xx) = (x2 + 1)(09/9%,(x)), so that

~ 0 2 +1
oXt, D= *277).
0 0

Since H?(‘t(x. D= (Xl(:;), D= ((/(2‘2‘) )s I) for some function Ig R2x R — R,

2
wY(H%t(x, D)= <g *2 ; 1>,
independent of ¢ € R and the canonical form of oX is constantly that of (g (l)).
Thus X is w-linear.

4.5. Example. Let G be a Lie group with Lie algebra g Abasis Ap,.e, A,
of g provides a means of identifying L(G) with G x GI(k) as usual. If @ is the
left invariant connection gi¥en by a)(Z A g) =g 1A where VA & € TG x GIR)),
and if X=A,, then [A Xl=37 A and wX(x, I) = (C ) whete {c klz, i
k=1,...,k} are the structure constants of G with respect to Ayseeey Ak'

4.6. Example. In [1, p. 53], the three dimensional nilmanifold, M is real-

ized as G/H where
) X,¥,Z integers}

1 x y 1 x
=<0 1 =z and H=<|0 1
001 X,¥,Z real 00
Letting
1 x y
K = 0 1 z },
0 01 % and *3 integers,x2 real

- N R
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G/H is the torus G/K fibred by circles K/H. Let X be the vector field on

G/H induced from
0 ay
expl0 0 Bt
0 0O

on G. It is shown that (K/H, G/H, X) is a bitransformation group and that X, pro-
jects to the rotation flow ((a, 5)/Z, t) = (a + at, b + Bt)/Z on the torus.
Let Y, and Y, be the vector fields on M induced from

0 01 00 o0
exp{0 O 0]z and expl0 O0.-1/a ]t
000 00 0

respectively, then L(G/H.)= G/H x GI(3) under the identification (X(x), Y, (x),
Y,(x) - g e+ (x, g) and [y, X1=0, [Y,, X1=Y,. If @ is the connection given
by o(Z,, A )=g"1A foreach (Z,, A ) in T(G/H x GI(3)), then

0 00
oX(x,D=(0 0 1}
000
By 4.2, X is w-linear.

In [1] it is shown that X is distal but not equicontinuous and that X is mini-
mal if the corresponding torus flow is minimal. The theory of w-linear vector
fields provides an alternate proof of each of these facts.

We first note that Y, generates the tangent space of the fibre at each point
and that Y, is a special zero vector field. By 3.16, (M, X) is mmxmal if the torus
flow is minimal. Clearly (M, X) is not equicontinuous since o(X) is not complex
diagonalizable.

4.7. Example. A curve y in a Riemannian manifold M is a geodesic if and
only if there is a standard horizontal vector field B({) and a frame u such that
A t) = ﬂL(B(E) (2)) for each t. If u+& € T(M), there is a unique geodesic, y, with
¥(0) =7, () and y(0) = u - €. We note that ﬂL(B(f) (z)) satisfies the conditions,
so that y(t)=7 L(B(f) (1)) is the unique geodesic determined by u + . The
geodesic flow {X, |t real} is given by X (u- £) = y(t) where y is the unique
geodesic determmed by u+&. Thus

X t(u &)= dﬂL(B(f) t(u)) - BB t(”))
= B(tf)t(u) & forall t €R, u € L(M) and £ €R".

For e, € 5", the map ¢,.,: O(M)— UT(M) given by ¢e1(“)= u- e, is
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onto, since any unit vector Y is the first entry of some orthonormal frame u. We
note that ¢e;(“ - e,)=1{ug e 0O(M)|ge, = e,}. Thus, if O(n - 1) is identified with
the isotropy subgroup of e, in O(n), we have O(M)/O(n~1)= UT(M). If g €
Oln - 1), dRg(u) - Ble, )u) = B(ge, Xu) = Ble )u) for each u € O(M). Thus
(O(n - 1), O(M), Ble 1)) forms a bitransformation group and the map ¢ e} (o(m), Be1) —
(UT(M), X) is a transformation group epimorphism.

It E;; €glln) is the matrix

i
(R
i f -1)
i—vl
and M is a compact manifold of constant curvature &, [8, p. 122],
{B(e,) + \/|k|s’{2, Ble,) - \/|k|5’;2, «eey Ble,) - \/lklE;‘n, Eys vy Ex i ,Ble))}

is a parallelization of O(M). It is shown in [8, p. 21] that, if M has constant
curvature k, (B(e,), B(ei)] = IeE;!"..
If k> 0, straightforward calculation yields

(Be) + vk E}» Ble)]=+ vk (Be) + Vi E}) and [E;';., Ble)]=0

for 2< i< j. Thus

m(’B\;l(u, N =

where (4, 1) is a pair in the trivialization of T(O(M)) generated by the given
parallelization. The matrix is complex diagonalizable with zero and pure imag-
inary eigenvalues. If M is compact, O(M) is compact and (O(M), B(el» is equi-
continuous. Thus (UTM, X) is equicontinuous.

If k<0, [Ble) t V=RE%;, Ble,)] =+ v=F (Ble,) + V=RE%),
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~
w(Ble X, ) = .

Clearly.B(e )+ V= RE}; is T, B(e)- V=kE}; is T~ and do, (). TG) is
generated by X, since To(u) (E*s, e s EX_| oo Ble,)). It is well known that
there is a volume element on UT(M) under which (UTM, X) is invariant (see [5]).
Thus, (UTM, X) is recurrent on a dense set by the Poincaré recurrence theorem
(see [12, p. 10]). If x is a recurrent point of (UTM, X) there is a recurrent point

of (0M), Ble,)) in ¢- (x) (see [9)). Since $,, is a principal bundle map, each

element of ¢7 (x) is recurrent. Thus (O(M), B(el» is densely recurrent and by
3.10, (UT(M), X) is ergodic.

Lemma. Let 0: M = L(M) be a global cross section of L(M) and let dV be
the yolume lément defined by dV(o(x) - g) = det(g). If X is w-linear on M with
only zero eigenvalues, then X is volume invariant.

Prodf. Since any n-tuple from T, (M) can be exptessed as olx) . g for some
matrix g, dV is completely defined. As in the proof of 4.2, X (a(x) g)=
o(x (x)) - elg forall t €R, x €M and g €glln). Since eA' is triangular with
1 along the diagonal, det (e? ‘)—1 Thus dV(O(x) g)=det(g) = det (eA?) .
det(g) = = det (eAtg) = dv(olX, (Nee) = dV(X (o(x) - g)). Therefore dV is invari-
ant by % and the volume is invariant under X

Consider the parallelization_{B(e,) + V= RE},> Ble,), Ble, )- \/-_ *
Ble,) +/—kE* » B, Ble)) -\ EE% 3,"~.B(e)+\F'E 1w B3 Ble,) = VFREY , E%,,
ooy ﬂ-l.n}' We find that
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[B(e,), Ble,) + \/:FE’IZ] = V=k(B(e,) + \/'-_EE’:Z),
[Ble,) - V=EE}, Ble,) + V=RE},] = 2V=kBley)s
[B(e) + \ZTZE;"i, Ble,) + V=RE},] =0 for i=3,45++5m,
[B(e) - V=EE}, Ble,) + V=FE},] = - 2kE},,
[E},» Ble,) + V=EET,] = Ble) + V=RE,

and
[Ej,., Ble,) + V=EKE}) =0 for 2<i<j.
Thus
0 \/—E 0
0 0 2\/-;
0 0 0
010
0 0-2k
0 0O
/\./* °,
w(Ble,) + V=-RE})u, D) = .
010
0 0-2k
000 3n-3

Ve see that H = Ble,) + V=K E}, is volume invariant. Again by Poincaré recur-
rence (O(M), H) is recurrent on a dense set. We note that Ble,) is a special zero
vector field with respect to H. Let z € O(M) such that ¢ m) =
m UT(M). Such a frame z exists since (UT(M), X) is ergodic and

therefore has a dense orbit.

Let {V;|i=1,+, o} be a countable base for O(M) and let V; =

¢"1(¢ (V )) For each i, W(_i is H-invariant and therefore B(el)-mvauant,
by 3 15. P1ck u€e0 _rb—(T/—) such that ¢, (OrbB(e )(u)) UTM, then clearly
W meets every flbre for each i. That is OrbH (V ). ﬂV £ for each i
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and j. By the Baire theorem, ﬂ,,l Orby (V. )4 2. Let ve ﬂ , Orby, (V,),
let W be an open set of UTM and let V, Vi, c C qS'll(W) There exlsts te R and
z eV, such that v=H (z) or z= H_(v). Thus Orby, (») N ¢‘1(W)£ & and

é, (o:b,, (u))nw;ég Thus ¢, (om,, ) = UTM.
Since H is T* with respect to B(e )y Orb, (v) x Orby, (v) C P(O(M), B(e )
and ¢, (o:b () x Orby () C P(UT(M), x)c S(UTM, X). Since

é, (OrbH (v) x Orby, (v)) is a dense set of UTM, S(UT(M), X) = UT(M) x UT(M)
and, by 3.18, (UTM X) is weakly mixing.
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